In this paper, by employing the results over Kummer extensions, we give an arithmetic characterization of pure gaps at many totally ramified places over the quotients of Hermitian curves, including the well-studied Hermitian curves as special cases. The cardinality of these pure gaps is explicitly investigated. In particular, the numbers of gaps and pure gaps at a pair of distinct places are determined precisely, which can be regarded as an extension of the previous work by Matthews (2001) considered Hermitian curves. Additionally, some concrete examples are provided to illustrate our results.
element is called a divisor. Assume that D = P ∈PF n P P is a divisor such that almost all n P = 0, then the degree of D is deg(D) = P ∈PF n P . For a function f ∈ F , the divisor of poles of f will be denoted by (f ) ∞ .
We introduce some notations concerning the Weierstrass semigroups. Given l distinct rational places of F , named Q 1 , · · · , Q l , the Weierstrass semigroup H(Q 1 , · · · , Q l ) is defined by An important subset of the Weierstrass gap set is the set of pure gaps. Homma and Kim [6] introduced the concept of pure gap set at a pair of rational places. Carvalho and Torres [7] generalized this notion to several rational places, denoted by G 0 (Q 1 , · · · , Q l ), which is given by
where ℓ(G) is the dimension of the Riemann-Roch space L(G). In addition, they showed that (s 1 , · · · , s l ) is a pure gap at (Q 1 , · · · , Q l ) if and only if
Let m 2 be an integer coprime to q. A Kummer extension is a field extension F/F q (x) defined by an eqution y m = f (x) λ , where f (x) = r i=1 (x−α i ) ∈ F q (x), gcd(m, rλ) = 1 and the α i 's are pairwise distinct elements in F q . Recall that the rational function field F has genus g = (r − 1)(m − 1)/2. Let P 1 , · · · , P r be the places associated to the zeros of x − α 1 , · · · , x − α r , respectively, and P ∞ be the unique place at infinity. It follows from [22] , [23] that they are totally ramified in this extension. We will often make use of the following result by Hu and Yang [8] , where they built a characterization of the pure gaps at many places of a Kummer extension.
Theorem 1 ([8], Theorem 3)
. Let P 1 , · · · , P n and P ∞ be totally ramified places over a Kummer extension defined above, where 2 n r. The following assertions hold.
1) The pure gap set G 0 (P 1 , · · · , P n ) is given by
2) The pure gap set G 0 (P 1 , · · · , P n−1 , P ∞ ) is given by
where a, b are integers satisfying ar + bm = 1.
The following results are due to van Lint and Wilson [24] and Homma [20] , which will be of use in the sequel.
Lemma 2 ([24], Theorem 13.1). The number of solutions of the equation
Theorem 3 ([20] , Theorem 1). Let Q 1 , Q 2 be any two distinct points on a smooth curve of genus g > 1. Then the number of gaps at Q 1 , Q 2 is
III. PURE GAPS FROM A HERMITIAN CURVE
In this section, we consider a Hermitian curve defined by y q+1 = x q + x over F q 2 and calculate the cardinality of the pure gaps at many places.
The following theorem is an immediate consequence of Theorem 1 by taking m = q + 1 and r = q.
Theorem 4. For distinct rational places P 1 , · · · , P n on the Hermitian curve y q+1 = x q + x over F q 2 ,
Before we count all the pure gaps at many places, we should give an arithmetic characterization of these pure gaps. Consider one of the inequalities in (1), say
Dividing q + 1 in both sides of (2) gives that
which means that
Putting t k := (q + 1)i k + j k where i k 0 and 1 j k q + 1 for k = 1, · · · , n, we obtain
by (3). Here we write A := n k=1 i k for simplicity. We claim that j 1 = q + 1. If not, we must have (n − 1) + (q − n) A + q by (4). This gives a contradiction as A 0 by definition. Thus 1 j 1 q. In the same manner as above we have 1 j k q for k = 1, · · · , n. Since 1 j 1 q, it follows from (4) that
Moreover, it is easily verified that
Thus (n − 1) − 2 A − (q − n), and so 0 A q − 3. Therefore, the pure gap set G 0 (P 1 , · · · , P n ) can be represented as follows:
where A = n k=1 i k and the set J A is defined by
To calculate the number of lattice points in G 0 (P 1 , · · · , P n ), we come to a characterization of J A . Without loss of generality, we suppose that j 1 j 2 · · · j n . Note that the inequality
Under the assumption that j 1 j 2 · · · j n , we observe that
Hence from (6), we have for k = 1, · · · , n,
It follows that 0 A q − n − 1 by taking k = n in (7). By setting t := q − A, we denote
Let σ be a permutation of the set {1, · · · , n} and define
We denote by τ n the collection of all the permutations of the set {1, · · · , n}. Obviously #τ n = n!. Since j 1 , · · · , j n in the set J A of (5) are symmetric, we can represent J A as the union set ∪ σ∈τn σ(B t ), where
In particular, B t = ∅ if t n. One sees that the set ∪ σ∈τn σ(B t ) is equivalent to the set ∪ σ∈τn σ(B t ). In conclusion, we have
Therefore, we can represent G 0 (P 1 , · · · , P n ) as follows:
where t = q − A and A = n k=1 i k with all i k 0. Now we will compute the cardinality of G 0 (P 1 , · · · , P n ). Let S n (t) denote the number of lattice points in the union of σ(B t ) for all σ ∈ τ n . Our key lemma is the following.
Lemma 5. Set S 0 (t) = 1. For 1 n < q, if t n + 1, then we have
and if t n, S n (t) = 0.
Proof. It is clear that B t of (8) is empty provided that t n, which follows that S n (t) = 0. Suppose that t n + 1 in the reminder of the proof. To get (10), we proceed by decreasing induction on n.
To count the lattice points in the set ∪ σ∈τ2 σ(B t ), we consider two sets
and
is the empty set. Hence S 2 (t) = (t − 2) 2 + 2(t − 2) = (t − 2)t, which settles the case where n = 2 (see Fig. 1 ). We now proceed by induction on n 3. Assume that S l (t) = (t − l)t l−1 holds for all 2 l n − 1. For l = n,
Then the set ∪ σ∈τn σ(B t ) contains all the n-tuples (j 1 , · · · , j n ) with 1 j k t−k for 1 k n and all of their permutations σ(j 1 , · · · , j n ), σ ∈ τ n . To count the lattice points in the set ∪ σ∈τn σ(B t ), we consider the sets
To see this, we separate each n-tuple (j 1 , · · · , j n ) in Ω i into two distinct parts (j 1 , · · · , j i ) and (j i+1 , · · · , j n ) such that t − n + 1 j k t − k for all 1 k i and 1 j s t − n for all i + 1 s n. Thus we must choose i out of n positions. Define
The choice of (j 1 , · · · , j i ) now leads to the equality
concluding the claim of (11). Using (11) and the induction hypothesis, we obtain
which proves the lemma.
The cardinality of G 0 (P 1 , · · · , P n ) on a Hermitian curve is given as follows.
Theorem 6. For the pure gap set G 0 (P 1 , · · · , P n ) on the Hermitian curve y q+1 = x q + x over F q 2 , if n < q, then
and if n q, G 0 (P 1 , · · · , P n ) = ∅.
Proof. It is trivial that G 0 (P 1 , · · · , P n ) = ∅ if n q. So we suppose that n < q. From (9) and Lemma 2, the number of n-tuples
In (9), we substitute t by q − A. Then the desired conclusion follows immediately from Lemma 5 and (9).
Remark 7. It is not difficult to compute the formula
which appears in [21] . Thus one can regard Theorem 6 as a generalization of this result concerning about arbitrary places.
IV. PURE GAPS FROM A QUOTIENT OF THE HERMITIAN CURVE
In this section, we consider a quotient of the Hermitian curve defined by
over F q 2 where m 2 is a divisor of q + 1. This curve was originally studied by Schmidt [25] as the first known example of a non-classical curve. Remember that the case m = q + 1 is associated with the much-studied Hermitian curve.
In the rest of this paper, we always assume that q + 1 = mN for a positive integer N . By Theorem 1, we obtain the pure gaps from a quotient of the Hermitian curve.
Theorem 8. Let P 1 , · · · , P n be distinct rational places and P ∞ be the unique place at infinity on the quotient of the Hermitian curve defined by (12) . Then the pure gap sets G 0 (P 1 , · · · , P n ) and G 0 (P 1 , · · · , P n−1 , P ∞ ) are both equal to each other, which is given by
Proof. If we replace r by q in the first assertion of Theorem 1, then we get the pure gap set G 0 (P 1 , · · · , P n ) as described in (13) . Suppose that q + 1 = mN for an integer N . So −q + N m = 1. Putting r = q, a = −1 and b = N in the second assertion of Theorem 1, we obtain the pure gap set G 0 (P 1 , · · · , P n−1 , P ∞ ) as follows:
It remains to prove that G 0 (P 1 , · · · , P n ) equals G 0 (P 1 , · · · , P n−1 , P ∞ ). Taking k = 1 in (13) leads to
where A := n k=1 i k . We claim that j 1 = m. Suppose that this is false, so j 1 = m and (n − 1) + (q − n) > A + q by (16). Thus A < −1 giving a contradiction as A 0 by definition. So we must have 1 j 1 m − 1 and m ∤ t 1 . (In the same manner as above, we must have 1 j k m − 1 for k = 1, · · · , n). It follows from (15) that
as appeared in (14) . This completes the proof of this theorem.
In the following, we only count all the pure gaps in G 0 (P 1 , · · · , P n ) on a quotient of the Hermitian curve, since the set
As before, we denote t k := mi k + j k where i k 0 and 1 j k m − 1 for k = 1, · · · , n. Since 1 j 1 m − 1 and gcd(m, q) = 1, it follows from (16) that
which implies that
as q + 1 = mN . Thus we get a set of lattice points J A defined by
Now we come to a characterization of J A . Without loss of generality, we suppose that j 1 j 2 · · · j n . Note that the inequality
Hence from (17) we have for
It follows that 0 A q − n − N by taking k = n in (18) . Write q − A = N (t − 1) + β where t := q − A N and 1 β N .
From (18) we find
By setting λ k := k − β N + 1, we denote
As before we can represent J A as the union set ∪ σ∈τn σ(B t ), where
If we define
then it is easily checked that the set ∪ σ∈τn σ(B t ) is equal to the set ∪ σ∈τn σ(B t ). Therefore, we have the following representation of G 0 (P 1 , · · · , P n ):
where t = q − A N and A = n k=1 i k with all i k 0. Let S A n (t) denote the number of lattice points in the union of σ(B t ) for all σ ∈ τ n . We have the following lemma. If n > β, we have
Proof. Suppose that n − β = N (λ n − 1) + b where λ n = n − β N + 1 and 1 b N . The set B t of (19) can be expressed as
(i) If 1 n β, we have
The desired assertion then follows.
(ii) If n > β, it is trivial that B t of (21) is empty if t λ n . It remains to to count the lattice points in the set ∪ σ∈τn σ(B t ) for t > λ n . Let us consider the sets
Let ρ i denote the number of lattice points in ∪ σ∈τn σ(Ω i ). Then ρ 0 = (t − n) n . For i 1, we claim that
To see this, we separate the n coordinates (j 1 , · · · , j n ) in Ω i into two distinct parts (j 1 , · · · , j i ) and (j i+1 , · · · , j n ) such that t − λ n + 1 j k t − λ k for all 1 k i and 1 j s t − λ n for all i + 1 s n. We emphasize that (j 1 , · · · , j i ) is chosen out of n positions. Define
is equivalent to
The choice of (j 1 , · · · , j i ) now leads to the claim of (22) . Then the desired assertion follows from the equation S n (t) = n−1 i=0 ρ i , where ρ i is given by (22) . With above preparations, we can determine precisely the number of pure gaps in the set G 0 (P 1 , · · · , P n ) of (20) on a quotient of the Hermitian curve.
Theorem 10. Let q + 1 = mN . For the quotient of the Hermitian curve defined by (12) , if n > q − N , G 0 (P 1 , · · · , P n ) = ∅, and if 2 n q − N , then
where t = q − A N and S A n (t) is given in Lemma 9.
Proof. The proof is similar to that of Theorem 6 and so is omitted here.
The following, viewed as an extension of Matthews [21] , is a consequence of Theorem 10 by considering the gaps and pure gaps at a pair of points.
Corollary 11. Let q = mN − 1 and q − 2 − N 0. For the quotient of the Hermitian curve defined by y m = x q + x over F q 2 , we have
Proof. We now assume that N 2 since N = 1 corresponds to Hermitian curves studied by Matthews [21] . In order to calculate the cardinality of G 0 (P 1 , P 2 ), it suffices to compute S 
2) Case 2:
It follows from Theorem 10 that
where
By writing k := m − l − 1, we compute directly and obtain
It is shown by a straightforward calculation that
concluding the first assertion of this corollary. Now we are in a position to prove the second assertion. By Lemma 6 of [18] ,
where q + 1 = mN . Also, by direct computation, this yields
Thus it follows from Theorem 3 that
concluding the second assertion of this corollary.
In the following, we give some concrete examples by using our main results.
Example 12. Let (q, m, N ) = (7, 4, 2) . The quotient of the Hermitian curve becomes y 4 = x 7 + x of genus g = 9 over F 49 . It follows from Corollary 11 that #G 0 (P 1 , P 2 ) = 29, #G(P 1 , P 2 ) = 103.
These results are displayed in Fig. 2 , where the red points represent the pure gaps at (P 1 , P 2 ) and the blue points represent the lattice points in the Weierstrass semigroup H(P 1 , P 2 ) in the chosen area I := {(t 1 , t 2 ) ∈ N 2 0 | 0 t 1 , t 2 20}. See Theorem 3 of [8] . In fact, there are 441 lattice points in I including 29 red points and 338 blue points, which indicates that the number of gaps at P 1 , P 2 is 441 − 338 = 103. These are identical with our previous values. 
where t = 8−A 3
. So it suffices to compute S A 3 (t) for A = 0, 1, 2 as showed in details here. 1) Case 1: A = 0. We compute from Lemma 9 that t = 3, β = 2 and λ 3 = 2. Since t > λ 3 , we have 2) Case 2: A = 1. By Lemma 9, t = 3, β = 1 and λ 3 = 2. So Therefore, the number of pure gaps at (P 1 , P 2 , P 3 ) is #G 0 (P 1 , P 2 , P 3 ) = 25 by (23).
On the other hand, by Theorem 1, we have So the cardinality is #G 0 (P 1 , P 2 , P 3 ) = 25, which coincides with our calculation.
